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Results 1: Error in estimated soil hydraulic properties 
if non-equilibrium is neglected

Results 2: Error in non-equilibrium parameters if 
model of soil hydraulic properties is erroneous

Figure 3: The effect of an
incorrect parameterization of the
soil hydraulic properties on the
accuracy of the estimated non-
equilibrium parameters.

Data were generated and
inverted with the DNE model.
Inverse modeling was performed
using the van Genuchten-
Mualem (VGM) and the free-
form parameterization (FF).

The confidence intervals of the
estimated non-equilibrium para-
meters encompass the true
parameter values for the DNE-FF
estimation method whereas a
strong bias in the estimates
occurs for the VGM model.

The reason for this is the failure
of the VGM model to correctly
parameterize the soil hydraulic
properties.

Figure 2: The effect of neglecting
non-equilibrium flow pheno-
mena during inverse modeling
of MSO experiments on the
accuracy of the estimated soil
hydraulic properties.

Data were generated with the
DNE model and analyzed with
the Richards equation. The
degree of hydraulic non-
equilibrium increases from left
to right and in each plot with
increasing value of .

Top: Synthetic data (open circles)
and model fits using the
Richards equation (lines).

Centre and bottom: Best-fit soil
hydraulic properties obtained
with the free-form method to
parameterize (h) and K(h).

Results 3: Laboratory MSO data
Figure 4: The dataset shown in Figure 1 with
different models fitted to the data (pressure head
data were included in the analysis but are not
shown). RICH: Richards equation, DNE: dual
continuum non-equilibrium model, VGM: van
Genuchten-Mualem parameterization, FF: Free-
Form parameterization.

The DNE-FF model indicates that about 66% of
the water is at non-equilibrium ( = 1.9 h). The
RMSE for cum. outflow is 0.011 cm for DNE-FF.
This compares to 0.023 for RICH-VGM and 0.014
for DNE-VGM. The fit with DNE-FF is close to
perfect and is a dramatic improvement compared
to the standard methodology.

Conclusions
 The evaluation of non-equilibrium flow data with the Richards equation leads to error in the

estimated soil water retention curve. This error increases with the degree of non-equilibrium
(Figure 2).
 The error in the unsaturated hydraulic conductivity function K(h) is much smaller than the error

in the retention function (h) (Figure 2).
 The estimation of non-equilibrium flow parameters requires a parameterization of the soil

hydraulic properties with minimal error. The DNE-FF estimation method yields unbiased
estimates of all model parameters (Figure 3).
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Problem
Dynamic non-equilibrium in variably saturated
water flow is often observed in transient flow
experiments. Possible causes of such ‚dynamic
effects‘ are entrapment of water, pore water
blockage, air entrapment, microheterogeneity, and
large-scale heterogeneity. Evidence suggests that
existing flow models must be extended by
decoupling water content and pressure head to
match observed outflow dynamics (Figure 1).

Research Questions
 How large are the errors in estimated soil

hydraulic properties resulting from a neglect of
dynamic non-equilibrium in the inverse flow
model?
 How large are the errors in estimated non-

equilibrium flow parameters if the parameteriza-
tion of the soil hydraulic properties is erroneous?

Figure 1: Observed and fitted outflow data
for an undisturbed loam (pressure head
data not shown). Data were fitted with the
Richards equation using the van
Genuchten-Mualem parameterization. The
observed outflow dynamics are not
matched well by the model.

Inverse modeling
■ The soil hydraulic properties are parameterized with the van Genuchten-Mualem model and the

free-form method of Iden & Durner (2007)
■ The free-form method was coupled with the DNE model (DNE-FF)
■ Additional constraints for free-form: (1) smoothness of constitutive relationships (2) second

derivative of K w.r.t.  must be positive (physical correctness of K(h))

Dual-continuum hydraulic non-equilibrium model 
The non-equilibrium flow model applied in this study is the dual continuum non-equilibrium model 
(DNE) of Diamantopoulos et al. (2012).

(1)

(2)

where fne [-] is the fraction of water at non-equilibrium,  [T] is an equilibration time constant,
(h) [-] and K(h) [L T-1] are the soil hydraulic properties, t [T] is time, z [L] is the space coordinate, and
h [L] is pressure head. The DNE model reduces to the Richards equation if fne = 0 and becomes
identical to the model of Ross & Smettem (2000) if fne = 1.
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