
Theory

In this contribution we present physically consistent

constraints for the so-called tortuosity parameter  of

Mualem's conductivity model. These constraints allow in

parameter estimation procedures highest possible

flexibility on the one hand and guarantee physical

consistency on the other hand.

Parameters of functions to describe soil hydraulic

properties are usually derived from measurements by

means of parameter estimation. Of crucial importance

here is the choice of correct constraints in the parameter

space.

A fundamental requirement is that the conductivity

function is monotonic: the function must decrease as

the capillary suction increases. A stricter physical requirement

is that the decrease with respect to saturation is at least linear.

This linear decrease would occur if all pores of a capillary

bundle had an equal radius. In real porous media, the

maximum pore radius filled with water decreases with

desaturation, so that the conductivity function must be

concave (Fig. 1).
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Monotonicity requirement:

Concavitiy requirement:

Permissible range if  is interpreted strictly physical

Additional flexibility for less strict requirement: 
K(Se) must be concave

Additional flexibility for least strict requirement: 
K(Se) must be monotonous

Mualem‘s  Model:

Fig. 3: Hydraulic conductivity (top) and water retention (bottom) data of 
a sandy loam, and fitted Mualem-van Genuchten functions. Allowed 
flexibility increases from left to right.          : 95% confidence interval.

Fig.1: Schematic illustration for concavity 
constraint. Top: All pores have the same radius 
 K(Se) is linear; bottom: Pores with different 
radii  K(Se) is concave (adapted from Flühler 
and Roth, 2004).

Tab. 1: Lower limit constraints for the parameter  of the Mualem conductivity model for 
the different retention models. Physical:  is the tortuosity factor in a strict physical sense 
and must be greater than 0; Concave: Solution of Eq. [3]; Monotonous: Solution of Eq. [2].
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Fig. 2: Sensitivity of the shape of the Mualem-van Genuchten 
relative hydraulic conductivity function with respect to . Left: Water 
saturation function. Right: Corresponding hydraulic conductivity 
functions, K(Se) with different values for . Top row: soil with narrow 
pore size distribution; bottom row: soil with wide pore size 
distribution. Numbers indicate values for . Green lines indicate 
functions at the concavity threshold, blue lines indicate the 
functions with  = 2.

Eq. [3]

with

strict physical
constraint

general monotonicity
constraint

concavity
constraint

• For any retention function K(Se) is monotonous if  > -2.

• For any retention function K(Se) is concave if  > -1.

• In case of the retention functions of van Genuchten,
Brooks and Corey or Durner the permissible minimum
value of  is variable and depends on the pore-size
distribution parameter.

• Too narrow boundaries for  can lead to poor fits and
thus to the assumption of a model error.

• The new constraints for  lead to highest possible
flexibility of the functions on the one hand and
guaranteed physical consistency on the other hand.

• For the derivation of pedotransfer functions the
constraint for  is important. With the van Genuchten
retention function as example, the overly strict
requirement of  > 2 will lead to different predictive
functions as the here proposed constraint  > 12/m.


