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Introduction
Models used to predict the fate and transport of pollutants in the environment 
rely on an accurate description of water flow in soils. The standard approach to 
simulate water flow in the unsaturated zone is Richards‘ equation:

The solution of Eq. (1) requires knowledge of the soil hydraulic properties (SHP), 

i.e. the soil water retention function θ(h) and the unsaturated hydraulic 

conductivity function K(h). Both functions are nonlinear in the pressure head h. 
The most versatile and accurate method to determine the SHP are transient flow 
experiments under unsaturated conditions evaluated by inverse modeling. A 
solution of the inverse problem requires that the SHP are described by 
mathematical equations using a set of model parameters. Popular examples are 
the approaches of van Genuchten or Brooks and Corey. These ‘classic’ functions 
often lack flexibility and cannot adequately reproduce the behaviour of 

unsaturated flow systems, partly because K(h) is coupled to θ(h). 

Free-Form Approach
We apply cubic Hermite interpolation 

between nodal values of θ(h) and K(h) to 

describe the SHP and refer to this approach 
as ‚free-form‘ because no assumption on the 
shape of the SHP is made except for their
monotonicity. The monotonicity requirement 
must be satisfied due to physical reasons: 

both θ(h) and K(h) decrease with decreasing 

pressure head. Cubic Hermite Interpolation 
yields monotone functions if the following 
non-equality constraints are imposed:

A multilevel routine increases the number of 

nodes r and distributes the nodes on the pF-

axis (pF=log10[-h]). 

Outflow Experiment, Parameter Estimation and Uncertainty Analysis
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We conducted a multistep outflow (MSO) experiment on an undisturbed sample of 
Bayreuth sandy loam soil. The pressure head at the bottom of the column was 
decreased in ten steps. This forced the system to release water. We measured both 
the outflow from the soil and the pressure head in two depths inside the column.

Richards‘ equation was solved numerically by using the FEM-Code Hydrus-1D.  Nodal 

values of θ(h) and log10 K(h) were estimated  by minimizing the weighted-least-

squares objective function accounting for different errors in the data types:

Minimization of Eq. (3) was achieved by applying the ‘Shuffled Complex 
Evolution’ (SCE-UA) optimization algorithm which we modified to account for the 
non-equality constraints given by Eq. (2). 

We assessed the cross-correlation of the estimated model parameters by 

calculating the collinearity index γ of Brun et al. (2001) both for the entire set of 

parameters and for the two subsets describing the individual SHP. 

The uncertainty of the estimated SHP was assessed by calculating the parameter 

covariance matrix by a first-order approximation. Uncertainty bounds for θ(h) and 

log10 K(h) were derived by cubic Hermite interpolation between nodal confidence 

intervals calculated by use of Student‘s t-distribution.
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• The free-form approach provides a very high flexibility in describing the SHP

• The estimated coefficients show a remarkably low cross-correlation in compa-
rison to classic functions

• The uncertainty of the estimated SHP can be assessed in different ranges of 
pressure head. This enables to design optimal experimental strategies. 

• Since parameterization errors are almost completely avoided, the approach 
bears the potential to identify other error sources in unsaturated flow 
simulations, e.g. problems caused by spatial heterogeneity or limitations in 
the applicability of Richards‘ equation

Fig 1. Inverse modelling results for the Bayreuth 
sandy loam column. The superiority of the Free-

Form approach with r=5**) becomes clearly evident 

for times greater than 50 hours.

Tab 1. Overview of Results (Free-Form and Classic Fit*)). The 
Free-Form fit agrees better with the measurements and 
yields significantly smaller values of the collinearity index γ. 

*)  bimodal Mualem van Genuchten with distinct air-entry pressure

Fig 2. Identified SHP and 95% confidence intervals for 

Bayreuth sandy loam (Free-Form r=5**)). Left: 

Retention curve θ(h). Right: Conductivity curve K(h).

**) Optimal number of nodes (balances model performance, 
values of collinearity index, and number of degrees-of-
freedom)
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